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This paper is a sequel of [Z] with which we assume the reader 
familiar. We define and investigate the differentiable mappings 
(of class C,) of a manifold into a b-space. 
Unless otherwise stated, a differentiable mapping will always mean 
a mapping of class C, . The derivatives will take their values in the 
space considered rather than in its completion. 
The space of differentiable mappings of a manifold into a locally 
convex space depends only on the topological boundedness of the 
space. We write the relation explicitly and take it as the definition of 
differentiability for b-space-valued functions. We observe that a 
mapping f : V --t E of a manifold into a locally convex space is 
differentiable if (f(x), p) is a differentiable function of x for all p 
in the dual of E, when the closed absolutely convex bounded subsets 
of E are completant. (The latter condition ensures that the derivatives 
are effectively E-valued functions). 
The natural embedding of a manifold V into the b-space of distri- 
butions with compact supports on V is the universal differentiable 
mapping of V into a b-space. It is differentiable and a differentiable 
f : V --+ E has a unique bounded extension jr : E*(V) -+ E if E is a 
b-space. 
This result is related to one of L. Schwartz [I] who showed how to 
define the “value of a distribution” on a vector-valued function. 
It is not immediately clear however how the construction, involving 
duality, can be applied in b-space theory, since the dual of a b-space 
may very well vanish. When E is a locally convex space, the extension 
is constructed when closed absolutely subsets of E are completant, a 
slightly weaker assumption than the one Schwartz makes. This increase 
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in generality is possible because we consider mappings of class C, . 
Stronger completeness assumptions would have to be made if map- 
pings of class C, were to be considered. Furthermore, b-space theory 
is not as well adapted to the consideration of mappings of class C, . 
It is likely that mappings into &spaces would have to be considered 
to obtain a streamlined theory. 
1. MAPPINGS INTO LOCALLY CONVEX SPACES 
The reader knows what a differentiable mapping of a manifold 
into a locally convex space is. V being a manifold and E a locally 
convex space, the space of differentiable u : V---t E will be called 
E(V, E) and topologized by compact convergence of the function and 
all its derivatives. The vector space E( I’, E) and its topological 
boundedness depend only on the topological boundedness on E. 
PROPOSITION 1. A mapping f : V -+ E is differentiable if, and only 
if we can associate to integer I and to each open relatively compact 
U _C V a bounded absolutely convex B C E such that SU C EB , the 
mapping f : U --+ E, being a mapping of class C, into the normed space 
E, . A set F of mappings of V into E is a bounded subset of the topological 
vector space E( V, E) if and only if we can associate B to U and Y in such 
a way that the restrictions of the elements of F constitute a bounded set 
of CT-mappings of U into E, , this space being topologised by compact 
convergence of the function and its derivatives to the order r. 
The condition is obviously sufficient. To prove its necessity, it will 
be sufficient to prove the statement relative to a set of mappings. Let F 
be bounded in E( V, E), U be open relatively compact in V, and I a 
positive integer. We shall construct a bounded absolutely convex set 
B(Y, U, F), well defined up to norm-equivalence. 
Assume first that U is relatively compact in a coordinate neigh- 
borhood; we may as well take UC Rn, and relatively compact in the 
common domain of the functions f E F. Let B(r, U, F) be the closed 
absolutely convex hull of {f(P)(x), 1 p 1 < r, x E U, f E F}. This set 
is bounded. It depends on the chart used to embed U in Rn, but two 
different charts define equivalent sets, i.e., sets whose Minkowski 
functionals are equivalent norms. 
A relatively compact open U is a finite union of Ui, each open 
and relatively compact in a single coordinate neighborhood. We 
let B(r, U, F) be the closed absolutely convex hull of u B(Y, U, , F). 
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Up to norm-equivalence again, this set does not depend on the 
decomposition U = u Ui , nor on the charts used on neighborhoods of 
?& , but only on Y and U. 
LEMMA. The restriction of each f E F is a C,, mapping of U into 
E B(r,U,F) ) the set of restrictions fu , f E F is bounded for compact con- 
vergence of the function and its derivatives to the order Y - 1. 
The proposition follows clearly from the lemma. By construction, 
f and its E-derivatives to the order r take their values in the unit ball 
of EB(r,U,F) . We must show that these E-derivatives are EB(r,LI,F)- 
derivatives, this to the order Y - 1. 
The mean-value theorem shows that up to the order Y - 1, all 
these E-derivatives are Lipschitz EB(7,u,F)-valued functions. They 
are therefore continuous, have primitives relatively to each variable, 
and these primitives cannot differ from the E-primitives except by 
functions independent of the variables involved. This proves the 
lemma. 
2. SCALARLY DIFFERENTIABLE FUNCTIONS 
The boundedness of a locally convex space depends only on the 
dual of the space. A mapping f : I’+ E is therefore differentiable 
if it is differentiable for a(E, E*). This does not mean that f : V-+ E is 
differentiable if (f(x), p} is differentiable for all p E E*. It is not 
difficult to construct mappings of a manifold into a non complete 
normed space which are not differentiable, but become differentiable 
when we complete the space. However 
PROPOSITION 2. Let E be a locally convex space whose closed absolute- 
ly convex bounded sets are completant, and f : V -+ E be a mapping of 
a manifold into E such that (f(x), p> is diflerentiable for all p E E*. 
Then f is d$ferentiable. 
It will be sufficient to consider the case where V C R” and to prove 
that the derivatives are E-valued functions. Consider first the deriva- 
tives of order one. Let h E Rn. For t real small, put 
qt> &f(x + th) -f(x) 
t 
5W/4-3 
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Then 
q) _ up) = f(x + 2th) - 2fb + th) +.m 
t . 
The uniform boundedness principle shows that t-l[u(2t) - u(t)] 
is bounded as t tends to zero. Let Q = 2k[~(2-kh) - u(~-~-‘/z)], then 
vk is a bounded sequence, the series C 2-kvk converges because closed 
absolutely convex bounded sets are completant, ~(2-~h) tends to an 
element of E. 
This proves the existence of E-valued functions fi such that 
for all p E E*. The functions fd have the differentiability property 
which f had by assumption, i.e., ( fi , p) is a differentiable function 
for all p E E*. By induction, derivatives of higher order are E-valued 
functions too. 
The derivatives constructed are a(E, E*)-derivatives, f is weakly 
differentiable, therefore differentiable. 
3. MAPPINGS INTO ~-SPACES 
DEFINITION 1. Let V be a differentiable manifold, E a b-space. 
A mapping f : V --+ E is differentiable if, for each open relatively 
compact U in V and each integer r we can find an absolutely convex 
bounded B such that f U C E, , the mapping f : U--f E, being of 
class C, as a mapping into the normed space E, . A set F of mappings 
f : V---t E, is a bounded set of differentiable mappings if we can 
associate B to U and Y in such a way that the set of restrictions 
fu( f ~3’) is bounded in the FrCchet space of mappings of class C, 
of U into E,. 
With pointwise addition, scalar multiplication, and the bounded- 
ness defined, the set of differentiable mappings of V into E is a 
b-space that we shall call E( V, E). 
The fact that E is a b-space is not completely essential here, except 
to show that E( V, E) is a b-space. Differentiable mappings into spaces 
with norming boundednesses could as easily be defined. There is 
however but little point in giving the more general definition, since 
we shall not have the occasion to use it. 
Let E, be a topological vector space, and Eh be the same vector 
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space E, with the topological bounded structure. Proposition 1 shows 
that E( V, E,) and E( I’, Eb) have the same elements and that the 
bounded sets of E( V, E& are the topologically bounded sets of 
E(K Et). 
Let E, be a locally convex space whose topological bounded struc- 
ture is a b-structure, and E, be the b-space defined in this way. Prop- 
osition 2 shows that a mapping f : V + Eb is differentiable if and 
only if <f(x), P> is a differentiable function of x for all p E (E,)*. 
4. DISTRIBUTIONS WITH COMPACT SUPPORT 
Consider the space E( I’) of differentiable functions on V with its 
locally convex topology, then its dual E*(v), with the equicontinuous 
boundedness. Map i : V-+ E*( v) by evaluation, (f, ix) = f (x). 
PROPOSITION 3. 
E(K E*(v)). 
The mapping i : V -+ E*(V) belongs to 
If V is enumerable at infinity, E(V) is barreled, the weakly bounded 
subsets of E*(V) are equicontinuous. The boundedness of E*(V) 
is besides completant. Proposition 2 shows that i is ditferentiable if 
(f, ix) is a differentiable function of x for all f E E( I’), and 
<f, ix> =f (x). 
If V is not enumerable at infinity, we choose for each x E V an 
open neighborhood W which is enumerable at infinity. The restriction 
i, : W-t E*(v) factors through E*( IV’), is the composition of a 
differentiable mapping and a bounded linear one. i, is differentiable, 
i is locally differentiable and therefore differentiable. 
5. EXTENSION OF A DIFFERENTIABLE MAPPING TO E*(V) 
PROPOSITION 4. Let E be a b-space, V a dtyerentiable manifold. 
We can associate to each differentiable f : V--t E a unique fi : E*(V) + E 
such that f = fi o i. 
LEMMA. Assume V is enumerable at infinity. A Silva space (El, B,) 
can be found such that E, C E, B, C B, with f V C E1 , the mapping 
f : V-F E1 being differentiable for the boundedness B, . 
A Silva space is a b-space of enumerable type in which each bounded 
set is relatively compact in EB for some bounded completant B. 
In a way, (E1 , B,) will be generated by the differentiable mapping f. 
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A large part of the construction will be found in the proof of propo- 
sition 1. 
We start with an open U, which is relatively compact in a coordinate 
neighborhood U’, itself relatively compact in V. We consider a 
completant bounded B such that the restriction fur is a map of class 
C, into EB and call B(r, U) the closed absolutely convex hull of 
~f’“‘(4 I I P I < r, x E U} in the normed space E, . 
The set B(r, U) depends of course on the chart considered on U’, 
but two different charts clearly define equivalent sets, i.e. sets whose 
Minkowski functionals are equivalent norms. B(r, U) does not depend 
on the choice of B. Being the closed absolutely convex hull of a relativ- 
ely compact set in a complete space, it is compact. If B’ 2 B is a new 
completant bounded set, the set B’(r, U) we would obtain would be 
the closure of the compact set B(r, U) in a weaker HausdorfI topology, 
hence B’(Y, U) = B(Y, U). 
If U is any relatively compact open set, we cover U by open sets 
Ui , in finite number, each relatively compact in a coordinate neigh- 
borhood, and we let B(Y, U) be the absolutely convex hull of the union 
of the sets B(Y, UJ. The set B(Y, U) is then completant, and does not 
depend essentially on the choices made; two different sets of choices 
define sets B(Y, U), B’(Y, U) h w ose Minkowski functionals are 
equivalent. 
The proof of the lemma of paragraph 1 proves here that f is a 
mapping of class C,-, of U into EB(r,U) . 
We observe that f is a mapping of class C,, of U, into EB(7+1,U,) . 
If U is relatively compact in U, , looking over the construction of 
B(Y, U) with B(Y + 1, U,) = B, we see that B(r, U) is the closed 
absolutely convex hull of a relatively compact set in EB(r+l,U1) , 
and is therefore a compact subset of that Banach space. 
E, will be the union of the spaces EB(r,U) , Br will be the set of 
subsets of El which are contained and bounded in some Banach space 
E Bb,rJ) - The boundedness B, is of enumerable type if V is enumerable 
at infinity. Each bounded set is contained in a multiple of some 
B(T, U), and therefore relatively compact in EB(r+l,Ul) for some U, . 
This shows that (El , B,) is a Silva space. 
We now constructf, : E*(V) + E by duality, when V is enumerable 
at infinity. 
Let Fl be the space of bounded linear forms on El , with the topology 
of convergence on bounded sets. El being a Silva space, the results 
of paragraphs 4 and 5 of [2] imply that it is the dual of Fl , and that its 
boundedness is the equicontinuous boundedness. (We use the unique 
cb-structure which is defined on each Silva space). 
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f : V-+ El is differentiable. We obtain a linear f’ : Fr -+ E( v) 
by puttingf’(t) = d of. Th’ is is a continuous mapping. Let U be an 
open relatively compact subset of V and r an integer; let B E B, 
be completant and such that f restricted to U is a mapping of class C, 
into EI.B;f’ maps th e o ar of B onto a set of functions which are p 1 
uniformly bounded on all compact subsets of U along with their 
derivatives to the order r, i.e. on a set which up to scalar multiplication 
is contained in an arbitrarily small neighborhood of the origin. 
Transposing f’ we obtain a mapping fr : E*(v) -tFF = El C E 
which maps equicontinuous subsets of E*( F’) onto bounded subsets 
of El , and a fortiori onto bounded subsets of E. Thisf, is an extension 
off, i.e., f = fi 0 i: let t E fi , 
(f 0 w, 0 = (w,f’(t)) = t of(x) = (f(4,O 
applying successively the facts that fi and f are transposes of each 
other, the definition off'(t) = t of, and the definition of the duality 
between El and Fl . 
fi is the only bounded linear mapping of E*(V) into E such that 
f = fi o i, that is, fi = 0 if fi : E*(V) -+ E is a bounded linear map- 
ping such that fi o i = 0. 
Assume fi o i = 0, consider the b-space Im fi , whose elements 
are the fix, x E E*( V), and whose bounded sets are the sets f,B, B 
bounded in E*(V). This is a Silva space because E*(V) is one. The 
mapping fi is continuous when we put on E*(V) and on Im fi the 
locally convex topologies described by the Banach-Dieudonne theorem 
([2], paragraph 6), the kernel of this mapping is a topologically closed 
subspace of E*(V) containing iV and E*(v) does not have any such 
topologically closed subspace. 
A manifold V which is not enumerable at infinity is a union of open 
subsets W, , each enumerable at infinity, E*(V) is the union of the 
spaces E*( W,), for each k, the restriction off to W, has an extension 
to E*(W,) and these extensions can be united, define a mapping 
fl:E*(V)+E. 
6. EXTENSIONS OF BOUNDED SETS OF DIFFERENTIABLE MAPPINGS 
PROPOSITION 5. Let F be a bounded subset of E( V, E), E a b-space. 
The set of extensions fi : E*(v) + E is a bounded subset of L(E*( v), E) 
In other words, the b-spaces E(V, E) and L(E*(V), 23) are iso- 
morphic. 
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It is clear that the mapping fi +fi o i : L(E*( V), E) -+ E( V, E) 
is bounded. Let B, be bounded in L(E*( V), E). We must show that 
the set of (fioi)@)(x), /pI=r,f~Bi and x~Uis bounded if 
Y is finite and U relatively compact, but (fi o i)(p) (x) =fi(i@)(~)) 
and the set of i(p)(x) to be considered is a bounded subset of 
E*(V). 
Consider conversely a bounded subset B of E( V, E), let B, be 
the set of extensions fi : E*(V) -+ E of elements f E B. We must 
show that B, is an equibounded set of linear mappings E*(V) -+ E. 
The set B(Y, U) considered in paragraph 5 depends of course on 
the mapping f which has there been given once for all. We shall now 
have to let f vary, and shall consequently call these sets B(r, U,f ). 
Of course B(Y, U, f) depends also on the choice of the decomposition 
U = (J Ui and on charts on neighborhoods of U, , but the completant 
sets obtained are equivalent in a uniform way in function off. A new 
decomposition U = (J U; and new charts on neighborhoods of 
Ui being given, the completant sets constructed B(Y, U,f) and 
B’(Y, U, f) would satisfy inclusions 
EB(T, u, f) C B’(r, U,f) C MB@, UJ) 
where E and M do not depend on f, but only on the decompositions 
and charts. 
If B is a bounded subset of E( V, E), B, = UjEB B(Y, U,f) is a 
bounded subset of E for all finite Y and relatively compact U. As a 
matter of fact construction of B(Y, U,f) clearly shows that 
B(Y, U, f) C MB’ if B’ is a bounded completant set such that f maps 
a neighborhood U’ of 0 into E,l in a C, way. The constant M can 
be chosen independently of f E B if the set of restrictions fur is a 
bounded set of C, mappings of U’ into E,l . (The constant M is a 
supremum of C,-norms on U, essentially). 
Our construction showed that a bounded subset of E*(V) was 
mapped into k B(r, U,f ), and again, k, r, and U depend only on the 
given set, not on f. This proves that ur,sfi(Bo) is a bounded subset 
of E when B is a bounded subset of E( V, E) and B, is a bounded subset 
of E*(V). 
7. THREE FURTHER RESULTS 
Three further results are important in applications, and must for 
this reason be mentioned here. 
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Let E be a locally convex space whose closed absolutely convex 
subsets are completant. Each differentiable f : I’--+ E has a unique 
bounded linear extension fl : E*(V) -+ E. The mapping f -+ fi is 
clearly bicontinuous when we topologize E( V, E) by compact con- 
vergence of the function and its derivatives up to a finite order, and 
L(E*(V, E) by b ounded convergence. 
Identification of a function of two variables with a function of one 
variable taking its values in a space of functions of the other identifies 
E(V x IV) with E(V, E(W)). A continuous linear b on E( IV) induces 
a continuous linear b, : E(V x IV) --+-E(V). If a E E(V)* now, 
a o b, : E( V x IV) ---f C belongs to E( V x IV)* and will be called 
a @ b. The mapping (a, b) -+ a @ b is the only bounded bilinear 
mapping of E*(V) x E*(W) into E*(V x IV) which maps (ix, iy) 
onto i(x, y) where ix, iy, and i(x, y) are the Dirac measures at x, y, 
and (x, y). This tensor product mapping is important for the definition 
of convolution in E*(G), G a group. 
An apparently more general definition of differentiability of a 
mapping of a manifold into a cb-space turns out to be equivalent to 
that of a manifold into a b-space. Let (E, B, T) be a cb-space. The 
mapping f : V-P E is differentiable if we can associate to each open 
relatively compact UC V a B E B such that (B, T(B)) is a dual 
Banach ball, f U C B, (fx, p) being a differentiable function of x 
for each continuous linear form p on (B, T(B)). It turns out that 
f : V --+ (E, B, T) is differentiable if and only if f : V -+ (E, B) is, 
where (E, B) is the b-space naturally associated to the given cb-space 
(E, B, T). 
The result being local, we may assume V enumerable at infinity. 
And if I;/’ is enumerable at infinity, the only significant case is that 
where the boundedness of B is enumerable. Exhaust V by an an 
increasing sequence of open relatively compact U, , let B, be an 
increasing sequence of elements of B such that each (B, , T(B,)) 
is a dual Banach ball, and each f : U, --t (B, , T(B,)) is differentiable. 
Let E, be the union of the multiples of the sets B, , define B, in 
such a way that B E B, if and only if B C kB, for some k and some n, 
and let T,(B) = T(B) for B E B, . Then (E, , Bi , T,) is a cb-space, 
f : V -+ E, is differentiable for the cb-structure of El . If we can show 
that f : Y + (Ei , B,) is differentiable, we will have proved the result 
because the identical map (E, , B,) -+ (E, B) is a morphism. 
Let Fl be the space of the linear forms on E, whose restrictions to 
the B E B, is continuous for the topology T(B), then El = F*, B, 
is equicontinuous boundedness of F*, and also the weak topological 
boundedness of that space. This boundedness is completant 
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f : V + (II1 , B,) is differentiable if (f(x), p) is a differentiable func- 
tion of x for all p e Fl , and this happens to be the case. The mapping 
f : V-+ (I$ , B,), and a fortiori f : V += (E, B) is differentiable. 
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